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Signals as
tensors

e An n-dimensional signal is represented as a tensor with
n indices

» e.g., grayscale image: 2 indices (pixel , J)
> e.g., color image: 3 indices (last is channel: R, G, or B)
» e.g., pressure in a volume: 3 indices (voxel i, j, k)
¢ Each index also called a mode
> helps with overloading of the word “dimension”
e | ist of index ranges: the shape of the tensor
» e.g., RGB image at VGA resolution: (640, 480, 3)
» shape (3, 4, 2, 5) tensor has 120 total elements
> first index can be O, 1, 2; second 0, 1, 2, 3; ...
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j% e Componentwise +, X, COs, ...
Tensor 3 > withlbrozadc;asting' | {
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e Implemented as NumPy Array or PyTorch Tensor
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operations
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o Contraction: e.g., A X3, BorA X, | B

> like matrix multiplication (precise definition below), but
using mode 3 of A and mode 2 of B — regular matrix
mUItiplicatiOn IS Xz’l

» modes of A X5, B: modes of A (except 3) then modes
of B (except 2)

» by convention, all of A’s modes first (in order) then B’s
e Represents a linear function of B with parameters A

» or a linear function of A with parameters B
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Elementwise
notation

|
i
?
|
%
g

o (a;;) or a;; means a matrix whose i, j element is a;;

» range of 7, 7 can be left implicit or specified separately:
eg.,i€{1...5},7€{l...7}

o Similarly, a;;; means a 4-mode tensor
e SO does aijkbjkl — the i,j, k, [ element is aijk bjkl
o So does g, + by, (with + instead of X)

® The expression tells us how to compute a generic
element of the result tensor from elements of the input
tensors
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Einstein
summation

e We allow indices to appear in either raised or lowered

positions: both a{ and aj’ refer to 2-mode tensors

(matrices) whose indices are 7 and J

¢ Only effect of raising and lowering is the Einstein
summation convention: any index that appears both
raised and lowered in an expression gets summed out
» iN al.’]‘.bjlkclm indices I, j, m appear only lowered; k, [ are
both raised and lowered

» so the result is a tensor f;;,,: element at index i, j, m is
)3 L Zl aikDikiCrm

® Remaining indices keep their positions (raised or
lowered)
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Transpose

e Changing around raised and lowered indices is a
generalization of transpose

> aj‘ and a{ have the same elements, as do x; and X/

» convention: lowered indices In a 1- or 2-mode tensor
correspond to rows, raised ones to columns

» SO X; Is a column vector (index runs through rows)

e \With this convention:

» Axis a{xj

» and ATy IS ajlyi (1 acts like column index when we raise

it, and J acts like row index when we lower it; since the

elements are the same, aj’ represents AT)

» andy Ais a{ y! (raised index of y, leaving a{ alone)
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.£3 e il‘&’;l'; £ RAE
Snak: [ o
ERE BG
contraction ApB) = Cyy
as Einstein
summation

® To get contraction, raise exactly one index instance
» €.9., AijkBli IS a 3-mode tensor Cjkl
» result of contracting A and B along the 7 index
> element j, k,lis ), A, B
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e A version of Einstein summation:

» np.einsum('ij,jk->ik"', a, b) IS matrix
multiplication

e Subscript string (first argument) formatted as A, B—>C

» part A names the indices of first input tensor a

Python
einsum

» part B names the indices of second input tensor b
» part C tells us indices of output tensor

> Indices that don’t appear in output are summed out

|
:
:
;
|

available in both i Varants
Numpy and Pylorch, | » can have any number of input tensors
but some edge cases

have different behavior » —>C Is optional (defaults to all non-duplicated indices in

alphabetical order)

» broadcasting: np.einsum('...ij->...31"', a)
transposes last two modes
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Linear
functions In
derivatives

|
|
,-
|
X
|

® Revisiting convention from earlier: if we have two

Ay
tensors y;; and X;,,,, then derivative — is a 5>-mode

tensor representing a linear function from dx to dy

e \We can write this linear function as a tensor contraction
or Einstein summation:

Ak
dy ij = Al] . dxklm
» where A is the 5-mode tensor of coefficients

e Indices are ijklm, with last 3 indices (the ones
corresponding to input x) raised

e Ex: Jacobian is dy; = A{ dx]-
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® Tensors make it easier to work with minibatches

¢ Just add a mode (typically last) that indexes samples
within a batch

» 640 X 480 images in batches of 17 — 640 X 480 X 17

e Works with Python indexing conventions: if we drop the
last index, we work with all samples at once
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Convolutional
neural
networks

|
|
:
g
¥
|

® \We can use a convolution in a deep net layer

» linearmapa — a*xb+c (a,b € | d, c € R)
» input a, weights b, bias ¢
» learn b, ¢ by SGD

e Variations: b € R¥ with k < d: omit ¢

® Nets with convolutions are CNNSs or convnets

» can also use the usual set of other blocks: fully
connected linear, normalize, residual, pointwise

nonlinearity, ...
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Connecting
to MLP
layers

® To connect convolutional layers and MLP layers, need to
unroll matrices or tensors into vectors (and vice versa)

» called vec and unvec; use Python flatten & reshape
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Example:
detect ones
block of
length 3

unlike this example, a real
network would learn the
weights and biases

s
|
f
¢
!
*

|
:i
|

%z=0 00010000 0

A pointwise nonlinearity: [z — 1],

%2=0-100200—100)

convolution: weights

(1 00=100000 0)

>

zz=O 000 1 00 -=100)
A convolution: weights
(=1 1 00 0 0 0 0 O 0)

x=0O 00001 T1TT10 0

could group these two



Bigger
version

filter

ution

output

time

® Same idea: detect
a chirp in an audio
signal

e Convolve input
signal w/ chirp filter,
then apply sigmoid
pointwise
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output

J(®)

time

max-pool:
sSum-pool:

e Convolution gives us translation equivariance
e |[f we want invariance,

> e.g., find the average value of the signal

> e.g., check whether the max of the signal is = threshold
® Need another step — called pooling

> e.g., max-pool a group of input units = make a single unit
whose value is max of inputs
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74 = (1)
A Max pool: max(0, 0,0,0. 1,0.0,0,0,0) = 1
Sumpool:0+0+0+0+14+04+04+04+0+0=1

Pooling in |
action =0 00010000 0)
Change from g A Convolution (w/ bias) followed by | - |,
localize to detect 3
z x=0 00001110 0




e Might want only local invariance (small shifts don’t
change output much)

® Can do /local pooling — e.g., average or max of a block
of adjacent values

pooling

¢ Can slide a window along signal as in convolution
¢ Or divide into blocks and pool each block (downsample)
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from here, RelL.U and pooling
can detect or localize

{3 = (O —1 2 —1 O)
A convolution: weights
(1 =1)

=0 0 1-10)

Local
pooling
example:

z

|
flexible- |
length ones
|

|

>

sum pool in blocks of 2

block
detector

z=0000100—-100)
A convolution: weights
(=1 1)

x=0O 00001 T1TT10 0
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Channels

e.g., a € |

e Can do multiple convolutions in parallel
»a— (axby+c,axb,+ ¢y, ...)
> each parameter set is a head, each output is a channel
> different heads extract different kinds of info from signal
® Changes shape of activation tensor
» e.g., If layer has 3d input: multiple heads — 4d output
» €.g., image — (stack of band-pass images)

¢ |[f we think of a tensor as containing multiple channels,
the channel index is also called depth or layer index
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Standard
convolution

parameters like
dilation and stride
can be per-mode

Input Filter Output

¢ Without channels, the only option is a standard
convolution: filter has same number of modes as input

> Iterate over all positions in the input, placing the filter at
each one and computing dot product

> In this example, we’re choosing the output to be the
same size as the input (using padding or cyclic boundary
conditions so that we don’t have to skip filter placements
near edges of input tensor)
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Input Filter Output

Standard
convolution
(no padding)

e [f we use only valid positions (no padding or cyclic
boundary), output is smaller than input

® Special case: if
filter.shape[-1] == 1input.shape[-1]
> then last mode of output only has length 1

> If desired we can drop this mode, reducing the number
of modes of the output
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Input Filter Output

Standard
convolution
(no padding)

e [f we use only valid positions (no padding or cyclic
boundary), output is smaller than input

® Special case: if
filter.shape[-1] == 1input.shape[-1]
> then last mode of output only has length 1

> If desired we can drop this mode, reducing the number
of modes of the output
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Pointwise
convolution

Input Filter Output

D

I
7

e Even specialer case: filteris 1 X 1 X ... X 1T X depth
> keep all but one mode the same shape, lose last mode
e Called pointwise or (for 2d) 1 X 1 convolution
» same as a weighted sum of slices / channels

® Makes a lot of sense if last mode is channel index: e.qg.,
collapse RGB channels to get overall image intensity

> common design: multi-head convolution adds a channel
iIndex, pointwise later removes it

Geoff Gordon



Input Filter Output

j \
Same filter
on each
channel e |f last mode is channel index, and if filter has just 1

channel, then standard convolution applies the same
filter independently to each channel

> e.g., blur RGB channels independently by applying a
filter like

(1 1)

to each one
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Input Filter Output

1|

Depthwise
convolution

e Might also want to filter each channel separately

® Depthwise: filter has same number of channels as
input, apply to each layer independently

» this is different from a standard convolution: standard =
depthwise followed by sum
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Input Filter Output

Z
o il

Dep thwise ?’ Depthwise
convolution |

.é Input Filter Output

-

] o

| |

e Standard
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Visualizations

M—W’voa’“*'“ma&ym-aﬁ-bsn. et £l L DU . - - =

padding = 0, stride =1 padding =1, stride =1

padding = 0, stride = 2 padding =1, stride = 2

link to animations




Visualizations
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padding = 0, stride =1 padding =1, stride =1

padding = 0, stride = 2 padding =1, stride = 2

link to animations




Input Filter

Calculating
sizes

e With all the options, it can be tricky to figure out what
size the output of a convolution will be

> e.g.,given 4 x4 X 3 input and 2 X 2 X 2 filter

» what if we zero-pad the last (depth) mode by 1 at end?

|
}.
)
-:z
|
f! » what size is output for a standard, valid convolution?
.; > what if we use stride 2, 2, 1 (with no padding)?
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e Suppose our input is 13X13X5, our filter is 3X3X5, and
we compute only valid output positions. Suppose we
zero-pad by 1 on all sides of the images (i.e., in the first
2 modes) and use a stride of 2 in all modes. What shape
IS the output?

A. 6X6X1
B. 7X7X1
C. 13X13X5
D. 13X13X1
E. 7X7X5

Try it

Geoff Gordon



Putting it
together

e Convolution and pooling work well together: tunable
between equivariance and invariance

¢ Often do convolutions alternating with nonlinearities,
occasional pooling to reduce size of a layer, occasional
multiple heads or pointwise convolutions to change
number of modes of tensor

® Sometimes increase number of channels as we
downsample (else we force the net to discard a lot of
information)

e Can use vec or unvec to glue between convolutional
layers and plain MLP layers

e Common pattern: more smaller channels as we go
deeper (using multi-head convolution, subsampling by
pool or stride)

® Add in residual connections to help gradients not
explode or vanish
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https://cs.stanford.edu/people/karpathy/convnetjs/demo/mnist.html

conv (24x24x8) Activations:
filter size 5x5x1, stride 1 T, ,-
max activation: 3.60709, min: -2.93768 .--.E
max gradient: 0.14545, min: -0.15263 |
parameters: 8x5x5x1+8 = 208 Activation Gradients:
Weights:
() () (%) (%) (=) (M) (=) (=)
- Weight Gradients:
Interactive ()(F)(A)(N)(A) () ()

example

® CNN for MNIST, trained by Javascript in browser
e 2 X (convolution + ReLU + max-pool) + FC + softmax

§ ® Enough for 99% validation accuracy
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Lots of well-
known
convolutional
networks

[He et al., 2015]

C3: f. maps 16@10x10
C1: feature maps S4 f. maps 16@5x5

INPUT 6@28x28
S2: f. maps C5: layer F6 layer OUTPUT

32x32
6@@14x14 120

AN

FuII coanectlon I Gaussmn connections
Convolutions Subsampling Convolutions Subsampllng Full connection

‘:\

—

[LeCun et al., 1998]

® These features have appeared in many famous
models (SOTA at their time)

> e.g., LeNet (convolution and pooling, for MNIST
digit classification)

> e.g., ResNet (convolution, pooling, batch norm,
residual connections, for ImageNet)
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C3: f. maps 16@10x10
C1: feature maps S4 f. maps 16@5x5

INPUT 6@28x28
r C5: layer F6 layer OUTPUT

32x32
120

AN

FuII conAectlon | Gaussmn connections
Convolutions Subsampling Convolutions Subsampllng Full connection

S2: f. maps
6@14x14

Y

—

[LeCun et al., 1998]

LeNet

e Convolutions are 5X5 with no padding

® Subsampling is average-pooling followed by a pointwise
linear function and nonlinearity

® Nonlinearities are all tanh, symmetric version of sigmoid
® C3 uses a hand-designed sparse connection pattern
o After S4, we vec the 5X5X16 tensor, use MLP layers

¢ Final nonlinearity is not commonly used any more: it
unvecs the F6 activation to a 12X7 image and compares
to 10 digit templates using Gaussian RBFs

Geoff Gordon



e 3X3 conv, 128, /2 means a 3X3 convolution
with stride 2, 128 filters

¢ At the top is a max-pool, and at the bottom
we pool by averaging each channel to a
single number

ResNet-34

¢ Residual connections throughout

> dashed ones incorporate downsampling of
the identity path via a 1X1 convolution of

stride 2

[He et al., 2015] Geoff Gordon




e What is a (continuous time or space) signal”? How does it
relate to a (discrete time or space) sampled vector, matrix,
or tensor?

e What are important properties of convolutional layers?
(invariance/equivariance, few parameters, fast forward/
backward pass)

Learning
objectives —
CNNs

e Explain variations: output size, padding, dilation, stride

e What kinds of filters can convolution+nonlinearity
represent? (blur, sharpen, edge/corner detection, band-
pass, ...)

|

§.

)

;

|

1 ®What kinds of operations control layer shape and size?

i (pooling, vec/unvec, multiple heads, 1X1 convolution)

e Explain tensor indexing, broadcasting, elementwise
; notation, Einstein summation, representation of derivatives

e Carry out (small) tensor operations and convolutions by
hand, including predicting the shape of output tensor

Geoff Gordon



Recurrent netwcrks
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10-701 Introduction to Machine Learning
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| ]

5.
Sequence T T L L T T
prediction ; 2 = 5 8 |5 |8

5
|
|
|
| e Models up to now have fixed-shape inputs

e Many language tasks (like sentiment classification, topic
} classification) take variable-length sequence as input

® Need models that can scale to fit

Geoff Gordon



To be or not to be, that 1s the question

One nation indivisible

credit: OpenAl tokenizer

Discrete-
valued
sequences

® Another way language differs: discrete tokens instead
of continuous pixel values

» characters
» words
> word parts

> class labels — potentially 1000s with relationships
among them

Geoff Gordon



Arrows =

10- embeddings Vi

o | cranberry (here, in [Rz)
e lemon
2 0.5 4o melon
%’ fox J

' @

3 o 0.0 cat

S

i S

_ } 2 -0.5-
Embedding | § s

i —1.0- France

: Embedding

g ~15 -1.0 -0.5 0.0 05 1.0 1.5 coordinateT

ii.

e Handle tokens by embedding: replace by vector € | d (d
might be 512, 2048, 10k — large but << vocabulary size)

» ideally: relationships among tokens reflected in vectors

> dog and cat embedded near each other
» Paris — France + Spain & Madrid
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Learning
embeddings

¢ |[f each raw token = one-hot vector, and each embedded
token = arbitrary vector, this is a linear map

vocabulary size embedding dimension

— |

o

o Embeddlng of “dOg” — Vedog

Vedog —

Geoff Gordon



e [f we present tokens as one-hot (for a neural net model
In any task), first layer automatically learns embedding

V:W1

e SGD step updates embeddings of current tokens to
make current prediction more accurate

e We’'ll talk later about more ways to learn embeddings

Learning
embeddings

Vedog —

|
E.
)
4
|
;
|

Geoff Gordon




Sequences
of tokens

Q
&

science| —

' 0o

— |finance | &3
arts

VeDow
~

/Verose

Dow | —
Jones | ——
rose |——

VeJon/

€S

¢ Putting it together:

|

:

:

:

|

:

? > first encode the input as a sequence of tokens
} > then embed each token

{ > then pass tokens to the model one by one
g > finally read off predictions at output node
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Q
&

«— XEnt( -, finance)

science| —

' 0o

— |finance | &3
arts

VeDow

?

Train | ~
|
i

/Verose

Dow | —
Jones | ——
rose |——

VeJon/

€S

® Apply loss to prediction (maybe target was finance)

e Backprop through network

.; e Use gradient to update parameters (SGD, Adam, ...)
g > including embeddings of tokens that appeared in input

Geoff Gordon



« softmax(Wz)

arts

science

— finance

= softmax of
< WTerI

.
z- W €lbl finance

_sclence

-
z- W €lbl arts

Class label
embeddings

VeDow

™~ /Verose

Dow | —
Jones | ——
rose |——

VeJon/

€S

e Can even interpret class labels as tokens with embeddings

» and last layer is softmax(Wz)
» then we can think of ith row of W as embedding of ith label

» and we put highest probability on the label whose

|
:
)
i
|
? » If penultimate layer activations are 7
g embedding has highest dot product with 7

Geoff Gordon



Sequence
prediction
fasks

many — one many — many (corresp.) many — many
classification, regression transduction generation
(e.qg., sentiment analysis) (e.qg., POS tagging) (e.q., language model)

Geoff Gordon



DET

— | ADJ
— | ADJ

Part of
speech

fagging

e Example application: POS tagging

® Map each word (in context) to its part of

speech (determiner, adjective, noun,
verb, ...)

The
quick
brown

¢ A transduction task: output tokens are
matched with corresponding input tokens

Geoff Gordon



" 9000000000 ;-
el lelcl/ 1ol

- 9000000 I~

{RIICAI] [CR—
" Q9O000000 I~

AGHA0EEE -

f
|
g Could try to recognize each character independently, but

Lhe ,v-.‘qp.-m&" v e o

OCR

another
transduction task

fiqure credit: (Chatzis accuracy will be higher if we use context

& Demiris, 2013)



Masked
token
prediction

another
transduction task

o

>
Q

The quick brown fox jumped over the lazy dog

e For each token index i:

» input: a window of tokens near index 1 but not token 1:
je{i—k,...,i+ k}\{i} (the context)

» target: the masked token 1

e Could also mask more than 1 token in a context window

Geoff Gordon



Masked
token
prediction

another
transduction task

o

>
Q

= *** The quick brown fox jJumped over the lazy dog ™ ***

e For each token index i:

» input: a window of tokens near index 1 but not token 1:
je{i—k,...,i+ k}\{i} (the context)

» target: the masked token 1

e Could also mask more than 1 token in a context window

Geoff Gordon



Masked
token
prediction

another
transduction task

o

>
Q

:
]
5.
3
|
!

e .quick brown|fox jumped over the lazy dog ™ ***

!

The

e For each token index i:

» input: a window of tokens near index 1 but not token 1:
je{i—k,...,i+ k}\{i} (the context)

» target: the masked token 1

e Could also mask more than 1 token in a context window

Geoff Gordon



Masked
token
prediction

another
transduction task

o

>
Q

[ The - brown fox{jlumped over the lazy dog ™ ***

!

quick

e For each token index i:

» input: a window of tokens near index 1 but not token 1:
je{i—k,...,i+ k}\{i} (the context)

» target: the masked token 1

e Could also mask more than 1 token in a context window

Geoff Gordon



Masked
token
prediction

another
transduction task

o

>
Q

2 The quick. fox jJumped|over the lazy dog *** ***

!

brown

e For each token index i:

» input: a window of tokens near index 1 but not token 1:
je{i—k,...,i+ k}\{i} (the context)

» target: the masked token 1

e Could also mask more than 1 token in a context window

Geoff Gordon



Masked
token
prediction

another
transduction task

o

>
Q

% The quick brown fox jumped overlthe lazy. e

!
dog

e For each token index i:

» input: a window of tokens near index 1 but not token 1:

je{i—k,...,i+ k}\{i} (the context)
» target: the masked token 1

e Could also mask more than 1 token in a context window

Geoff Gordon



A generation
fask:

language
modeling

|
i
?
|
%
g

® Given a prompt (a string of tokens)
» e.0.,, 3 X 17 -9 ="or “It was a dark and stormy night.”

® Predict a completion (another string of tokens)
> e.g., ‘42 or “Suddenly, a shot rang out.”

» goal: concatenation of prompt and completion should
have high probability in training set distribution

» i.e., max P(completion | prompt)

e Often trained on the one-step version (just one token in
the completion): next-token prediction

> we’'ll talk more later about using next-token prediction
repeatedly to generate a longer completion
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e 2 The quick brown fox jumped over the lazy dog ***

Next token
prediction

e For each token index i:

» input: a window of tokens before index 1 but not token 1:
je{i—k, ...,i — 1} (the context)

» target: the next token 1

Geoff Gordon



quick brown fox jumped over the lazy dog ***

!

The

Next token
prediction

e For each token index i:

» input: a window of tokens before index 1 but not token 1:
je{i—k, ...,i — 1} (the context)

» target: the next token 1

%
3.
|
;
|

Geoff Gordon



*** brown fox jumped over the lazy dog ***

|
quick
Next token
prediction e For each token index i:

» input: a window of tokens before index 1 but not token 1:
je{i—k, ...,i — 1} (the context)

» target: the next token 1

Geoff Gordon



e The quick - fox jJumped over the lazy dog ***
}

brown

Next token
prediction

e For each token index i:

» input: a window of tokens before index 1 but not token 1:
je{i—k, ...,i — 1} (the context)

» target: the next token 1

Geoff Gordon



== The quick brown fox jumped over|the lazy dog .

!

* % %

Next token
prediction

e For each token index i:

» input: a window of tokens before index 1 but not token 1:
je{i—k, ...,i — 1} (the context)

» target: the next token 1

Geoff Gordon



Recurrent
neural

network
(RNN)

X -
O = >
s |8 =
® Oldest sequence model ‘{ T
® Replicate a common network block for
each step
» input x;, hidden state z,, output y,
¢ Hidden state at each step becomes
another input to next step o 5 |S
= 3 S

> initialize hidden state (e.g., to zero)
before first step

» weight matrix V connects steps, W

gives embeddings This is an ElIman

network, a type of
_ simple recurrent

network, applied to
= ?VZt—l + Wx,+b) t=1.T next-token prediction

note: no time index
Geoff Gordon



Recurrent
neural

network
(RNN)

|
|
|
%
8

® Oldest sequence model

® Replicate a common network block for
each step

» input x;, hidden state z,, output y,

¢ Hidden state at each step becomes
another input to next step

> initialize hidden state (e.g., to zero)
before first step

» weight matrix V connects steps, W
gives embeddings

note: no time index

The — = — | quick
- ~ Lbrown

x
2 BB
l
:

This is an EIman
network, a type of
simple recurrent
network, applied to
next-token prediction

Geoff Gordon



A tiny ElIman network on {A, B}* model and parameters

embed e+ = Eonehot(x;)
recur zi=Whi_1+e++b
activate h; = ReLU(z;) Embeddings Read-out rows of V
\\\
read out otr=Vht+cC ) \\
AY
. NeB \\
predict pt = softmax(o¢) VA
\
loss L=2 —ye-Inp:, ye=onehot(x;+1)
t O \\
€a ‘\\
Parameters N \
VB 04 =g
E w b
-1
1.00 -0.50 0.60 -0.40 0.30 o 0 ' o 0 !
-0.50 1.00 0.40 0.60 -0.20
Columns of E: the vector added W turns a vector counter-clockwise Each logit is the state dotted
| | | | .
ea eg to the state when the network (forward pass). W T turns it with a row of V, plus c. Dashed:
reads that token. clockwise by the same angle states where the two logits tie.
4 ¢ (backward pass). Both shrink it The network predicts A above
logit A I 1.00 0.75 -2.00 by 0.72: the solid circle. that line and B below it.
, ho = (0, 0)
logitB | | -0.50 -0.50 0.00

The columns of E are the embeddings of A and B; the rows of V give
the logits for A and B. W rotates by 33.7° and scales by 0.72,
so each step turns the old state a little and shrinks it.



Forward pass, step 1 of 4

filled: input x; outlined: target x;

sequence n A B B A

hy
1.30

0.00

onehot(A) ea
@ embed 1.00 -0.50 1 | |1lo00
e1 = Eonehot(xy) -0.50 1.00 o | |-050
w ho Who
carry the state 0.60 -0.40 0.00 0.00
Who 0.40 0.60 0.00 N 0.00
the start state is zero — —
add, then RelLU 0.00 1.00 0.30 1.30 | Rrelu
h1 = RelLU(z1) 0.00 -0.50 -0.20 -0.70 -
unit 2 is negative: clipped - —
1 (logits)
read out 1.00 0.75 1.30 -2.00 -0.70
o1=Vhi +c -0.50 -0.50 0.00 0.00 -0.65
predict -0.70 0.49 target y; = onehot(A) =
softmax
p1 = softmax(o;) -0.65 0.51

unit 2

(1, 0)
L= —Y1- Inp1 =-In0.49=0.72

read x; = A, predict x;
Hidden space

RelLU keeps this quadrant

hy

0 e
\ 5 RelLU

€a :

P

_1 21
-1 0 1 2

Read-out: h; against the rows of V

N
\
2 AN
AN Prediction for x»
\\\
1 \
S o) [N 0.49
p(e) 0.51
0 ey
hy state is below the dashed
7] AN tie line » B more likely



Forward pass, step 2 of 4

sequence A n B B A filled: input x,  outlined: target x3

onehot(A) €a

@ embed 1.00 -0.50 1 | |1lo00

e, = E onehot(xz) -0.50 1.00 o | |-050

w hq Wh,

@ carry the state 0.60 -0.40| | 1.30 0.78

Wh- 0.40 0.60 0.00 N 0.52

rotate and shrink — —

h;

9 add, then RelLU 0.78 1.00 0.30 2.08 | pey | 2.08

h> = RelLU(z;) 0.52 -0.50 -0.20 -0.18 - 0.00

unit 2 is negative: clipped - — T—

c 0> (logits)

@ readout [1 .00 0.75] | 2. 08] N -2.00] | 0.08

o,=Vhy+cC -0.50 -0.50 0.00 0.00 -1.04

P2
© predict 0.08 0.75 target y, = onehot(B) = (0, 1)
softmax =
p2 = softmax(oy) 0.25 L,=-=y>-Inp,=-=In0.25=1.40

read x, = A, predict x3
Hidden space

RelLU keeps this quadrant

unit 2

-1
-1 0 1 2

Read-out: h, against the rows of V

N
\
2 AN
AN Prediction for x3
\\
\\
1
v o N 075
N\
. o(8) |l 0.25
0 —
‘h> state is above the dashed
VB AN tie line » A more likely
\
0 1 2



Forward pass, step 3 of 4 read x3 = B, predict xa

Hidden space

sequence A A n B A filled: input x3  outlined: target x4 RelLU keeps this quadrant
E onehot(B) es g b
@ embed 1.00 -0.50 0 -0.50 y
e3 = Eonehot(xs) -0.50 1.00 1 1.00 ep
! z3=h
w hs Wh; o At
@ carry the state 0.60 -0.40| | 2.08 1.25
Wh, 0.40 0.60 0.00 | | 0.83 Whs
rotate and shrink — T— 0 " >
Wh- (S]] b Z3 hs 2
© add, then RelU 1.25 -0.50 0.30 1.05 | ey | 1.05
- - =
hs = RelLU(z3) 0.83 1.00 -0.20 1.63 - 1.63
-1
both units stay active — F— E— — -1 0 1 2
4 hs C 03 (logits) Read-out: h3 against the rows of V
@ read out I| 100 075|105 | |200| [o027 ‘
= 2
o3=Vhs+c 11-0.50 -0.50 1.63 0.00 -1.34 Prediction for x4
03 ps ' p(~) I 083
© predict 0.27 0.83 target y3 = onehot(B) = (0, 1) D(B)i 0.17
softmax = 0
p3 = softmax(os) -1.34 0.17 L3=-y3-lInp3=-In0.17=1.79 state is above the dashed
tie line - A more likely




Forward pass, step 4 of 4

read x4 = B, predict xs

Hidden space

sequence Al A B B A filled: input x4 outlined: target xs Z4 ReLU keeps this quadrant
b 40 RelU
onehot(B) €s g
€p
@ embed 1.00 -0.50 0 -0.50 £
e4 = E onehot(xg) -0.50 1.00 1 1.00 ,773
/
— y ha 7
™ /
hs Whs E Whs /
@ carry the state 0.60 -0.40| | 1.05 -0.02 ) rd
Whs 0.40 0.60 | | 1.63 | | 1.40 /
rotate and shrink — — 0
hg
© add, then ReLU -0.02 -0.50 0.30 -0.22 | Rery | 0.00
hs = RelLU(z4) 1.40 1.00 -0.20 2.20 - 2.20
-1
unit 1 is negative: clipped — — -1 0 1 2
4 (logits) Read-out: h, against the rows of V
@ read out 1.00 0.75 | | 0.00 -2.00 -0.35 L
2 N
oa=Vhs+c -0.50 -0.50 2.20 0.00 -1.10 h4\‘ Prediction for xs
© predict -0.35 0.68 target y; = onehot(A) = (1, 0) N p(8) N 0.32
softmax 0 S
pa = softmax(oa) -1.10 0.32 Ly=—-y4-Inps=-In0.68=0.39 N state is above the dashed
7] AN tie line - A more likely




Forward pass, unrolled

total loss L = 4.30

= == previous state — Vhi_ 1 + e +b — N (after RelLU)
t=1 input n t=2 input n t=3 input B t=4 input B
°
2 a8
y %
/
N hs
- /
hs /
/
h h /
0 ~—bo 2 o = :
-1
~1 0 1 2
h1 = (1.30, 0.00) h, = (2.08, 0.00) hs = (1.05, 1.63) hs = (0.00, 2.20)
o 049 o) I 075 o) I 053 o [ ] 0-68
o) I 0.51 o(e) [ 0.25 o(e) [l 0.17 p(e) I 0.32
target A L, =0.72 target B L, =1.40 target B L3 =1.79 target A Ly = 0.39



¢ Atiny Elman RNN

> task: see a sequence of tokens ABBABAB..., predict
next token at each step

Example

|
§.
)
:
_1; > 2-dim hidden states, RelLU activation, cross-entropy loss
!

Geoff Gordon
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Variants 10 H
shown here on I I I I I I
POS tagging
(transduction)

stacked bidirectional

¢ | ots of variants of RNNs — incl. multiple kinds of
memory, see below

Geoff Gordon



Training
RNNs

note: vanishing/
exploding gradients!

(same tools as
before + one more
below)

® Once we unroll it, RNN is just like any other network
» forward pass fromt =1..T
» backward pass from ¢t = T . .1 (backprop through time)
» SGD step

e Similar to deep feedforward net (MLP)

» difference #1: same parameters V, W, b at every step

> autodiff handles parameter sharing automatically
> or we can manually sum gradients (total derivative rule)

> difference #2: multiple output nodes

> loss = sum(losses at each output), so gradients backprop
from each output and sum at every parameter

> have to run all time steps before we can backprop

Geoff Gordon



Example
backward
pass

Geoff Gordon



Memory

Unlike residual
connection, to couple
long distances, need to
train gate to be near 1
(don’t replace) in
between

w A
—(7{' L — | [ :ZL —y| | :Lzlc-\— (‘JP
A > 7 — minimal gated
Tin ’ T T unit (MGU)
GG G
Fe-\ 2k A

gating: z,,.1 = g oz + (1 —g) <%,
both gate g, and candidate update Z, are of form f(Vz,_; + Wx, + b)
output y, could depend on z,, X,

e Use gating to update hidden state
» differentiable decision to store into z,

> like a controllable residual connection that lets us
connect storage to retrieval

e Examples: LSTM, GRU, MGU

Geoff Gordon
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® To handle many:1 tasks like classification, most
common setup is to end with a special token like ***,
predict label based on corresponding hidden vector

Geoff Gordon



RNN for
generation

brun

® To generate an arbitrary-length output, we can use RNN
as a generative model

® E.g., language model: process input tokens (prompt),
mark end of prompt w/ ***, continue after *** with next-
token prediction

> each time step generates one new token; stop when we
generate *** again

Geoff Gordon



RNN for
generation

® To generate an arbitrary-length output, we can use RNN
as a generative model

® E.g., language model: process input tokens (prompt),
mark end of prompt w/ ***, continue after *** with next-
token prediction

> each time step generates one new token; stop when we
generate *** again

Geoff Gordon



P(Le renard brun ra

Generation
process
(sequence
completion)

|

pide | prompt) = P(Le | prompt) - P(renard | prompt,Le) - ...

e Output token at each
step is a sample from
conditional probability
distribution given
preceding tokens

e | ike a weighted die
with 50k sides

> weights are model
output

> roll, pick the token
that lands face up

e Copy this token to
input (condition on it)
to generate next

Geoff Gordon



P(Le renard brun rapide | prompt) = P(Le | prompt) - P(renard | prompt, Le) - ...

| A
! -\<"‘*\ (& \0(0
t @ Output token at each PN @0@ (\@@
step is a sample from o @ @
conditional probability % e e e
Generation i
proces S olike 4 Seq.uence com,t?let/on I/lfe this is extremely
nNe e flexible: translation, solving math problems,
( sequence WIth 3 generating robot trajectories, synthesizing
' » weil Images — the basis of many highly popular Al
completion) we o

> roll,

|
|
f
..i.
i that landsface ug
|

e Copy this token to
input (condition on it) T
to generate next

b
0
0
L
0
0
o
0

" le

'---
' renard

Geoff Gordon




Training data (Shakespeare’s As You Like It)

VIOLA: Why, Salisbury must find his flesh and thought
That which | am not aps, not a man and in fire,
To show the reining of the raven and the wars
To grace my hand reproach within, and not a fair are hand,

That Caesar and my goodly father's world,

When | was heaven of presence and our fleets,

We spare with hours, but cut thy council | am great,
Murdered and by thy master's ready there
My power to give thee but so much as hell:
Some service in the noble bondman here,
Would show him to her wine.

Sampling
from an
RNN-LM

KING LEAR: O, if you were a feeble sight, the courtesy of your law,
Your sight and several breath, will wear the gods
With his heads, and my hands are wonder'd at the deeds,
So drop upon your lordship's head, and your opinion
Shall be against your honour.

Geoff Gordon



Sample (RNN-LM)

CHARLES: Marry, do I, sir; and | came to acquaint you with a matter.
[ am given, sir, secretly to understand that your younger brother
Orlando hath a disposition to come in disquised against me to try a
fall. To-morrow, sit, | wrestle for my credit; and he that escapes me
without some broken limb shall acquit him well. Your brother is but
young and tender; and, for your love, | would be loath to foil him, as |
must, for my own honour, if he come in: therefore, out of my love to
you, | came hither to acquaint you withal, that either you might stay
him from his intendment or brook such disgrace well as he shall run
into, in that it is a thing of his own search and altogether against my
will.

Sampling
from an
RNN-LM

TOUCHSTONE: For my part, | had rather bear with you than bear
you, yet | should bear no cross if | did bear you, for | think you have
Nno money Iin your purse.

Example from http://karpathy.github.io/2015/05/21/rnn-effectiveness/ Geoff Gordon



http://karpathy.github.io/2015/05/21/rnn-effectiveness/

Sampling
from an
RNN-LM

Sample (RNN-LM)

CHARLES: Marry, do I, sir; and | came to acquaint you with a matter.
[ am given, sir, secretly to understand that your younger brother
Orlandonf?_th a Alienncitinn tn ~rnma in Aicniilican anai e to try a
fall. To- apes me
without s er is but
young anc [ him, as |
must, for ... actually, this is the training data, and y love to
you, | car the previous one was the sample Ight stay
him from shall run
into, in th ainst my

you, yet | should bear no cross if | did bear you, for | think you have

|
}.
:
;
|
} TOUCHSTONE: For my part, | had rather bear with you than bear
; no money Iin your purse.

Example from http://karpathy.github.io/2015/05/21/rnn-effectiveness/ Geoff Gordon



http://karpathy.github.io/2015/05/21/rnn-effectiveness/

Learning
goals: RNNs

|
|
|
;
|
*

e What different kinds of sequence prediction tasks might

we encounter and how can we present them to an
RNN?

® \What does a basic RNN block look like, and how do we
use it to make predictions?

e What is a vector-space embedding, and what is it used
for?

e What is long-term memory in an RNN, how does it relate
to gating, and what problem does it solve?

e What is backprop through time? How is it similar or
different to backprop in other deep nets?

® How can we train an RNN language model? How do we
use it to predict?

Geoff Gordon



